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First post-Newtonian (1PN) hydrostatic equations for an irrotational fluid which have been recently
derived are solved for an incompressible star. The 1PN congurations are expressed as a deformation of
the Newtonian irrotational Riemann ellipsoid using Lagrangian displacement vectors introduced by Chan-
drasekhar. For the 1PN solutions, we also calculate the luminosity of gravitational waves in the 1PN approx-
imation using the Blanchet-Damour formalism. It is found that the solutions of the 1PN equations exhibit
singularities at points where the axial ratios of semi-axes are 1 : 0:5244 : 0:6579 and 1 : 0:2374 : 0:2963,
and the singularities seem to show that at the points, the irrotational Riemann ellipsoid is unstable to the
deformation induced by the eect of general relativity. For stable cases (a2=a1 > 0:5244, where a1 and a2 are
the semi-major and minor axes, respectively) we nd that when increasing the 1PN correction, the angular
velocity and total angular momentum increase, while the total energy and luminosity of gravitational waves
decrease. These 1PN solutions will be useful when examining the accuracy of numerical code for obtaining
relativistic irrotational stars.
We also investigate the validity of an ellipsoidal approximation, in which a 1PN solution is obtained
assuming an ellipsoidal gure and neglecting the deformation. It is found that for a2=a1 > 0:7, the ellipsoidal
approximation gives a fairly accurate result for the energy, angular momentum, and angular velocity, although
in the approximation we cannot nd the singularities.
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Introduction
Preparation of reliable theoretical models on the late inspiraling stage of binary neutron stars is one of the
most important issues for gravitational wave astronomy. This is because they represent one promising source
for gravitational wave detectors such as LIGO,LIGO VIRGO,VIRGO GEO600GEO and TAMA.TAMA From
their signals, we will obtain a wide variety of physical information on neutron stars such as their mass and
spin, if we have a theoretical template of them.KIP In particular, a signal from the very late inspiraling
stage just prior to merging may contain physically important information on neutron stars such as their
radius,KIP which will be utilized for determining the equation of state of neutron stars.lindblom
Binary neutron stars evolve due to the radiation reaction of gravitational waves, so that they never settle
down to equilibrium states. However, the emission time scale will always be longer than the orbital period
outside their innermost stable circular orbit (ISCO), so that we may consider them to be in quasiequilibrium
states in their inspiraling phase even near the ISCO.
Until now, all the reliable relativistic works devoted to obtaining a quasiequilibrium state have been
undertaken assuming a corotational velocity eld,shiba,BCSST since there was no formalism to compute
non-corotational solutions. As pointed out previously, Kochanek,BC however, corotation is not an adequate
assumption for the velocity eld of realistic binary neutron stars, because the eect of viscosity is negligible
for the evolution of neutron stars in a binary system and, as a result, their velocity elds are expected to
be irrotational (or nearly irrotational). Formalism for the computation of realistic quasiequilibrium states
of coalescing binary neutron stars just prior to merging has recently been developed by several authors in
general relativity.BGM,Asada,Shibata,Teukolsky,Gourgoulhon In this formalism, we have only to solve two
hydrostatic equations as for the fluid equations. One of them is the integrated form of the Euler equation and
the other is the Poisson equation for the velocity potential. Thus, the formalism seems to be very tractable
for computing equilibrium congurations of relativistic irrotational bodies.
In this paper, we apply the formalism for solving an incompressible, irrotational single star in the rst





at the 1PN order by Chandrasekhar about 30 years ago. He derived many equilibrium congurations of the
Maclaurin, Jacobi, Dedekind ellipsoids, Ch65,chandra65,chandra67,chandra74 developing original methods
(see also Ref. 20)), and he found many interesting features of rotating stars deformed by relativistic eects.
The purpose of this paper is twofold. One is to develop a formalism to obtain an equilibrium state of an
irrotational, incompressible fluid in the 1PN approximation. As mentioned above, Chandrasekhar studied
1PN equilibrium stars extensively, but he did not do so for irrotational stars. We develop the method in
this paper which can be applied even for irrotational binary systems. The other comes from a demand in
performing numerical computation: Our nal aim is to study general relativistic irrotational binary neutron
stars with compressible equations of state. Thus, numerical computation is necessary. Although some
promising numerical methods are proposed,UE,BGM the computation still does not seem easy. Hence, when
we obtain a result by numerical computation, it is necessary to check its validity by comparing with an
analytic solution. Thus, preparation of exact solutions is required.
This paper is organized as follows. In x2, we describe the basic equations to calculate equilibrium
congurations of the 1PN irrotational star. The deformation of the star from an ellipsoid and the angular
velocity in the 1PN approximation are calculated in x3. In x4, we give the boundary conditions to determine
the velocity eld and the deformation in the 1PN approximation, and the total energy and angular momentum
are obtained in x5. We present formalism for computation of gravitational radiation from a rotating star with
arbitrary internal motion in x6. In x7, we present the numerical results obtained by solving the equations
derived in previous sections. We also compare the results with those in the ellipsoidal approximation. LRS
Section 8 is devoted to summary and discussion.
Throughout this paper, c denotes the light velocity and we use the units in which G = 1. Latin indices
i; j; k;    take values 1 to 3, and ij denotes the Kronecker delta.
Formulation
Non-axisymmetric equilibrium congurations with non-uniform velocity elds are obtained by solving
the Euler, continuity, and Poisson equations, consistently. Since we consider an incompressible fluid, all the
calculations are carried out analytically even in the 1PN case. The procedure is as follows.
(1) We calculate a Newtonian equilibrium state, i.e., the irrotational Riemann ellipsoid,chandra69 as a non-
perturbed state. For simplicity, we consider only the case in which the directions of the vorticity vector and
the angular velocity vector lie along x3-axis.
(2) 1PN corrections for the velocity potential and gravitational potentials are obtained from the 1PN Poisson
equations for them.
(3) We calculate the deformation from the Newtonian ellipsoid induced by 1PN gravity using Lagrangian
displacement vectors introduced by Chandrasekhar.chandra69 Then, corrections of the Newtonian quantities
due to the deformation of the star are estimated.
(4) We substitute all the 1PN corrections obtained in (2) and (3) into the 1PN Euler and continuity equations.
Then, coecients of the Lagrangian displacement vectors and 1PN velocity potential are determined from
the boundary conditions on the stellar surface.
In this section, we calculate the Newtonian and 1PN terms which we need in the above procedures.
In the following, we assume that the center of mass of the star is located at the origin of the coordinate
system, and the direction of the coordinate axes are parallel to the principal axes of the star, whose lengths
are dened as a1; a2 and a3.
Hydrostatic and Poisson equations for 1PN irrotational stars
For an irrotational fluid, the relativistic Euler equation can be integrated, and in the 1PN case, it is writ-
ten as Shibata eqnarrayconst=P
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